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In this paper, we demonstrate far-field acoustic superresolution using shaped acoustic vortices.
Compared with previously proposed near-field methods of acoustic superresolution, in this work
we describe how far-field superresolution can be obtained using an acoustic vortex wave antenna.
This is accomplished by leveraging the recent advances in optical vortices in conjunction with the
topological diversity of a leaky wave antenna design. In particular, the use of an acoustic vortex
wave antenna eliminates the need for a complicated phased array consisting of multiple active
elements, and enables a superresolving aperture to be achieved with a single simple acoustic source
and total aperture size less than a wavelength in diameter. A theoretical formulation is presented
for the design of an acoustic vortex wave antenna with arbitrary planar arrangement, and explicit
expressions are developed for the radiated acoustic pressure field. This geometric versatility enables
variously-shaped acoustic vortex patterns to be achieved, which propagate from the near-field into
the far-field through an arrangement of stable integer mode vortices. Two examples are presented
and discussed in detail, illustrating the generation and transmission of an “X” and “Y” shape into
the far-field. Despite the total aperture size being less than a wavelength in diameter, the proposed
acoustic vortex wave antenna is shown to achieve far-field superresolution with feature sizes 4-9
times smaller than the resolution limit.
Keywords: superresolution, acoustic vortex waves, leaky wave antennas, acoustic metamaterials
I. INTRODUCTION
Since the observation of a diffraction limit by Ernst
Abbe over a century ago, overcoming this limit to achieve
superresolution has been an ongoing topic of great in-
terest in the scientific community. While originally ob-
served in optics, a similar diffraction limit occurs for
acoustic waves. Various mechanisms have been pursued
over the years to sidestep this limitation, through ei-
ther signal processing mechanisms or near-field imaging
techniques to enhance the resolution. One of the most
promising advances in recent years has been in the use
of acoustic metamaterials, which has enabled the realiza-
tion of exotic macroscopic effective properties, including
negative mass density, negative bulk modulus and neg-
ative phase speed1,2. With effective material properties
that are double-negative (superlens) or possess hyper-
bolic dispersion (hyperlens), acoustic metamaterials cre-
ate negative refraction, enabling amplification of evanes-
cent waves and subdiffraction-limit focusing3–7. How-
ever, such techniques require a negative refraction lens
in the near-field, to either amplify the evanescent wave
or convert it to a propagating wave.
Alternatively, helicoidal (vortex) waves can provide a
method for creating stable propagating vortices well into
the far-field and the creation of features smaller than the
resolution limit without the need for an additional near-
field focusing aperture. While previous success has been
achieved with superresolved optical microscopy8–10, this
potential for superresolution using acoustic vortex waves
has thus far not been realized. In this paper, superreso-
lution is investigated using shaped acoustic vortices; by
building on the recent advances in shaped optical vor-
tices we propose an acoustic vortex wave antenna that is
both topologically diverse and geometrically versatile.
A background on the relevant work relating to vortex
waves and the methods for generating them are presented
in Sec. II. A detailed development based on an acoustic
leaky-wave antenna is presented in Sec. III for the two-
dimensional (2D) case, and these results are expanded to
circular and arbitrarily-shaped acoustic vortex wave an-
tennas in Sec. IV. Specifically, the use of an acoustic an-
tenna with a single acoustic source eliminating the need
for a phased array consisting of multiple active elements
is discussed.
In addition to the propagating wave characteristics in-
side the acoustic antenna, a formulation for the radiated
pressure field is presented in Sec. IV as well. The ra-
diated pressure is examined for a circular axisymmetric
arrangement, and the near-field and far-field characteris-
tics of the topological modes are examined. In Sec. V, the
theoretical formulation is expanded to arbitrarily shaped
acoustic vortex wave antennas, and the acoustic vor-
tices of two canonical shapes (a square and a triangle)
are examined. Results are presented showing how such
structures enable the creation of arbitrary subdiffraction-
limited shapes by the arrangement of stable integer mode
vortices, to achieve far-field superresolution with a total
aperture size less than a wavelength.
II. BACKGROUND
First demonstrated in acoustics11,12, vortex waves have
found broad interest in optics, including use in commu-
nications, superresolution imaging and particle manip-
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2ulation. Optical vortex waves carry both spin angu-
lar momentum (SAM) due to the circular polarization
of light and orbital angular momentum (OAM) associ-
ated with the helical phase fronts13, the transmission
of which enable a means for manipulation of particles
through the transfer of angular momentum14 and im-
proved communications through data multiplexing15,16.
The total strength of the vortices are characterized by
the topological charge (mode), and is related to the total
phase change along a closed path around the axis of the
beam12,17.
In addition to the transport of OAM, the highly
localized vortices have been combined with radially
polarized illumination to achieve superresolved optical
microscopy8–10. Superresolution has been proposed us-
ing the interaction of optical vortices with a metamate-
rial lens18. Utilization of the sharpened dark spot (null)
along the beam axis has also been demonstrated as a
means for enhanced edge-detection imaging as a vortex-
based coronagraph17,19,20. More recently, there has been
an interest in the ability to created shaped optical vor-
tices, through either the spatial distribution of topolog-
ical charge or diffractive optical elements. Through the
use of non-axisymmetric topological distributions, split-
ting of the on-axis vortex occurs, leading to an off-axis
constellation of vortices which can be arranged into ar-
bitrary shapes while maintaining the same topological
charge21. This has enabled the creation of arbitrarily
shaped non-axisymmetric optical structures with sharp
features, including corners, triangles, and multi-point
stars21–24.
Acoustic vortex waves, like their optical counterpart,
also carry orbital angular momentum, but do not ex-
hibit spin angular momentum due to the scalar nature
of longitudinal acoustic waves25,26. While comprising a
somewhat less extensive body of work, there has also
been sustained interest in acoustic vortex waves, focused
on particle manipulation, acoustic communications and
precision alignment of acoustic systems. Acoustic vortex
waves have previously been generated with either single-
mode resonators27, or more often using a phased array,
which enables a wide range of topological modes to be
realized with a single aperture25,26,28–33.
Driven in part by the successes with optical vortices
and the possibilities of precise wave interactions from
afar, work in recent years has largely focused on the inter-
action of acoustic vortex waves with objects. Such work
includes investigations into the ability of acoustic vortex
waves to excite the torsional modes of scatterers31,32,34,35,
in addition to efforts determining the radiation pressures
resulting from the interaction of acoustic vortex waves
with submerged objects28,36. Recently, acoustic vortex
waves were used to levitate and manipulate millimeter-
sized particles in air, using a spherical phased acoustic
array without the need for a confining structure to obtain
the necessary radiation pressure30. Recent advances have
also been made with regards to the radiation forces of
fractional topological modes28, and the fractional topo-
FIG. 1. (Color online) Geometry of a 2D acoustic an-
tenna. The acoustic antenna consists of a waveguide with
incident time harmonic plane wave propagating to the right
(in the positive x-direction). The acoustic waves are refracted
through the arrangement of openings (acoustic shunts) into
the surrounding fluid at transmission angle θtrans. The mag-
nitude of a representative pressure field radiated into the sur-
rounding fluid is shown, with the colors denoting the normal-
ized magnitude ranging from a peak value of unity (yellow)
to a minimum value of zero (dark blue).
logical modes which arise from finite time duration pulses
with helical phase fronts33.
One of the key considerations associated with vor-
tex waves in either of acoustics or optics is the means
of generating the vortex waves. Generation of opti-
cal vortex waves are typically achieved using a spi-
ral phase plate (SPP) or a computer-generated holo-
gram based on diffractive optical elements14. Exten-
sive work has been performed on optical vortex waves
with both integer13,14,17,37,38 and fractional topological
charges12,39–44. Although robust, these methods of gen-
erating optical vortex waves are limited to operation at a
single mode with a fixed topological charge. To address
this issue, recent work has shown promising results for
topologically diverse microwave vortex wave generation
using a circular leaky-wave antenna (LWA)45. While ex-
tensively studied for microwaves46,47 and more recently
using metamaterials48–56, optical LWAs present various
challenges which are the subject of ongoing research47,57.
In addition to electromagnetic (EM) waves, acous-
tic LWAs have recently been demonstrated to gener-
ate one-dimensional (1D) axisymmetric planar acous-
tic waves58,59, two-dimensional (2D) planar waves60 and
topologically diverse circular acoustic vortex waves61. A
detailed theoretical formulation for an acoustic antenna
utilizing these recent advances with acoustic leaky-wave
antennas is presented in Sec. III.
III. FORMULATION OF A
TWO-DIMENSIONAL ACOUSTIC ANTENNA
An acoustic leaky wave antenna (LWA) is a device
which utilizes a waveguide with a finite impedance in-
3terface, such as a series of subwavelength acoustic shunts
(openings), to transmit or receive acoustic signals58–63.
For the LWA, this is achieved using the refraction of the
propagating signal within the waveguide into an exterior
fluid medium, and therefore has been referred to as an
acoustic prism59,60. The dispersive nature of the waveg-
uide combined with the refraction through the interface
leads to a frequency-dependent transmission angle. A
simple 2D configuration is illustrated in Fig. 1. The prop-
agation of acoustic waves within the waveguide and the
subsequent refraction across the interface are discussed
in Sec. III A and III B, respectively.
A. Propagation within the acoustic antenna
From the Helmholtz equation in cartesian coordinates,
a general solution for the pressure field inside a rigid-
walled waveguide is given by
Pin(x, z, t) = p0 cos(γnz)e
j(ωt−βxx), (1)
where p0 is the pressure amplitude, j =
√−1, ω is
the angular frequency, βx is the wavenumber in the x-
direction and γn is the wavenumber in the z-direction.
From separation of variables, the relationship between
the wavenumbers is
β2x =
(
ω
cph
)2
= k20 − γ2n, (2)
where k0 is the wavenumber in the host fluid, and cph is
the phase speed in the waveguide.
With the wavenumber k0 known, this means that the
wavenumber βx in the direction of propagation can be
evaluated once the transverse wavenumber γn is deter-
mined. On the interface of the acoustic antenna, the
presence of the shunts will lead to a complex acoustic
impedance, denoted by Zint. For the airborne sound ex-
amined in this work, the boundary conditions at all other
surfaces are assumed to be rigid.
To determine the propagation characteristics of the
waveguide, we will consider the acoustic modes in the
vertical (z-axis) direction, as illustrated in Fig. 1. The
boundary conditions for these modes are a rigid wall at
the bottom surface (at z= 0), and an impedance condi-
tion (with complex impedance Zint) at the interface of the
shunts. Application of these boundary conditions yield
a spatial dependence of the pressure in the z-direction
proportional to cos(γnz), as given in Eq. (1). From the
impedance boundary condition at z= hwg, the relation-
ship in terms of the wavenumber γn is given by
64
tan(γnhwg) = j
k0hwgZ0
γnhwgZint
, (3)
where Z0 = ρ0c0 is the acoustic impedance of the host
fluid (air). Although this transcendental equation for
γnhwg is indexed by the integer n, it is only the lowest
mode (n = 0) which is of interest for the case of plane
propagating waves, and in particular when γ0hwg  1.
Therefore, with n= 0 and tan z ≈ z + (1/3)z3, Eq. (3)
yields
(γ0hwg)
2
= −3
2
[
1−
√
1 +
4
3
j
k0hwgZ0
Zint
]
. (4)
When the acoustic wavelength is much larger than the
height of the waveguide, Eq. (4) simplifies to
γ0hwg =
√
j
k0hwgZ0
Zint
, k0hwg  1. (5)
Substituting Eq. (5) into Eq. (2), an approximate ex-
pression for the wavenumber in the direction of propaga-
tion can be obtained such that
βx ≈ k0
√
1− j 1
k0hwg
Z0
Zint
. (6)
Noting that βx = ω/cph, the phase speed in the waveg-
uide can therefore be given by
cph ≈ c0√
1− j 1k0hwg Z0Zint
. (7)
The phase speed is plotted as a function of normalized
frequency in Fig. 2(a).
B. Refraction across the acoustic antenna interface
The transmission angle θtrans that results from the re-
fraction between the sound in the waveguide and the sur-
rounding fluid can be obtained from Snell’s law. From
Eq. (7), this yields an expression for θtrans in terms of
the acoustic antenna geometry, given by
θtrans ≈ sin−1
(√
1− j 1
k0hwg
Z0
Zint
)
. (8)
From Eqs. (6) and (7), it is observed that the wavenum-
ber and phase speed will in general be complex, leading
to a wave that decays as it travels along the waveguide.
In the particular case of a purely imaginary interface
impedance, however, it is seen that both βx and cph are
real, leading to a propagating wave through the waveg-
uide and a real transmission angle according to Eq. (8),
which is plotted in Fig. 2(c).
As observed in Eqs. (7) and (8), the complex-valued
interface impedance plays a critical role in determining
the propagation through, and across the interface of, the
acoustic antenna. For the design given in Fig. 1, the
series of subwavelength shunts can be treated collectively
as a distributed impedance at the surface of the interface.
4The input impedance of an interface consisting of a rigid
wall with shunts can be expressed as65
Zint
Z0
= jk0
h′shunt
φ
+
Rrad
Z0
, (9)
where φ = Sshunt/Sunit is the area filling fraction of
shunts in a unit cell having length lunit and width wunit,
h′shunt is the effective height of the shunt and Rrad is the
radiation impedance of the shunt.
Note that except for the contribution of the radiation
resistance, the input impedance of the shunts leads to
an imaginary impedance at the surface of the interface.
Thus, assuming the effects of the radiation resistance are
small, the imaginary input impedance in Eq. (9) will give
a real phase speed based on Eq. (7), and thus lead to a
propagating wave along the waveguide for a range of fre-
quencies. From this, it is clear that the shunts are critical
in the operation and effectiveness of the acoustic antenna
in air. In addition to enabling sound to pass through the
interface and thereby facilitating the transmission and
reception of acoustic signals, the shunts also are a key
parameter of the input interface impedance and play an
important role in determining the cutoff frequency of the
acoustic antenna. Due to the difference under the square
root in the denominator of Eq. (7), a cutoff frequency
will occur, below which the waves are evanescent and do
not propagate through the waveguide. From Eqs. (7) and
(9), the cutoff frequency is found to be
fc =
c0
2pi
√
φ
hwgh′shunt
. (10)
This cutoff frequency denotes the transition between
evanescent and propagating waves within the waveguide,
and is used to normalize the frequency parameter in
Fig. 2.
In addition to the impedance of the shunt, there is
an additional contribution to the input impedance of
the interface that arises from the acoustic waves radi-
ated through the shunt, in the form of the radiation
impedance. The radiation impedance, Zrad, is based
on the size, shape, baffle arrangement, and is in gen-
eral complex: with the real part (radiation resistance,
Rrad) corresponding to the acoustic waves that propa-
gate to the far-field and the imaginary part (radiation
reactance, Xrad) corresponding to the evanescent waves,
which can be expressed as
Zrad = Rrad + jXrad. (11)
Although generally complicated and often intractable to
determine for arbitrary geometries, an approximate form
of the radiation resistance for a long thin rectangular
element with a rigid baffle is given by66
Rrad
Z0
=
1
2
k0lshunt
φ
, k0lshunt  1. (12)
It is worthwhile to note that Rrad represents the portion
of the wave that is radiated from the waveguide to the
FIG. 2. (Color online) (a) Phase speed, (b) mode number
and (c) transmitted angle for an acoustic antenna with the
properties given in Table I, plotted as a function of the fre-
quency normalized by the cutoff frequency given by Eq. (10).
Theoretical results are presented for interior wave propagation
in a 3D circular formulation (solid line) using Eqs. (17)–(19)
and 2D linear formulation (dashed line) using Eqs. (6)–(8).
Results for the radiated field are calculated using Eq. (30) for
the total vortex strength.
far-field into the surrounding fluid. As a result, this ra-
diated acoustic energy represents a loss in terms of the
propagating wave within the waveguide. This can be
seen in Eq. (9), with the radiation resistance contribut-
ing to the real component of the interface impedance,
and therefore leading to a decay in the propagating wave
along the waveguide according to Eqs. (6) and (7).
For a source (or in this case, an external open port
transmitting the acoustic wave as shown in Fig. 1) with
dimensions that are much smaller than a wavelength, the
radiation impedance effects can be accounted for by using
an effective height of fluid in the shunt,
h′shunt = hshunt + ∆hshunt, (13)
where ∆hshunt is the end correction and in general is a fre-
quency dependent quantity resulting from the radiation
reactance, Xrad. The radiation impedance will also be
affected by the radiation from the 2D shape of the shunt
5opening. For a single rectangular opening (length lshunt
and width wshunt, with the width denoting the dimension
in the out-of-plane direction in Fig. 1) surrounded by a
rigid baffle, the end correction for each side of the shunt
is given by67
∆hshunt =
2
pi
√
S0
∞∑
m=0
∞∑
n=0
νmn
[
sin(mpiξ)
mpiξ
sin(npiη)
npiη
]2
×
[
wshunt
lunit
m2 +
lshunt
wunit
n2
]− 12
, (14)
where
ξ =
lshunt
lunit
, η =
wshunt
wunit
, S0 = lshuntwshunt, (15)
and the coefficient νmn is given by ν00 = 0 and ν0n =
νm0 =
1
2 , with νmn=1 otherwise.
In Eq. (14), the end correction for the shunt height
was given for a single shunt. However, as described
by Ingard67, the interaction of two (or more) elements
in close proximity leads to an increase in the effective
end correction. In the low frequency limit, it was found
that this converges to that of all the elements arranged
side by side into one large, single element of the same
area67. While the exact calculations of an array of shunts
are impractical to determine analytically, a reasonable
approximate solution can be obtained using the results
from the low-frequency limit by noting that the shunts
in the acoustic antenna are deeply subwavelength. For
the acoustic antenna design under consideration in this
work, the interaction of N shunts corresponds to using
Eqs. (14) and (15) with the shunt length, lshunt, and unit
cell length, lunit, replaced by Nlshunt and Nlunit, respec-
tively.
IV. ACOUSTIC VORTEX WAVE ANTENNA
A basic acoustic vortex wave antenna configuration is
illustrated in Fig. 3. In this case, the waveguide is curved
into an annulus shape, with the sound entering into the
Parameter Value (mm) Description
lshunt 2.0 Shunt length (tangential direction)
hshunt 10.0 Shunt height
wshunt 5.0 Shunt width (radial direction)
hwg 6.5 Waveguide height
rin 17.5 Inner radius of waveguide
rout 22.5 Outer radius of waveguide
rmid 20.0 Midline radius of waveguide
wwg 5.0 Waveguide width (radial direction)
L 125.7 Midline circumference (2pirmid)
TABLE I. Dimensions of the acoustic antenna examined in
Sections III–V. In each case, the number of shunts N in the
acoustic antenna is 36.
FIG. 3. (Color online) Geometry of an acoustic vortex wave
antenna. By wrapping a linear acoustic leaky wave antenna
(left) in a circular arrangement (right), an acoustic vortex
wave can be generated. The direction of propagation through
the acoustic antenna is denoted by the red arrow. The bound-
ary between the inlet and outlet of the waveguide is repre-
sented by the orange-colored plane shown in the right panel.
A top view of the vortex wave antenna is illustrated in the
inset.
annulus from a source, propagating around the circular
path, and then exiting the annulus, similar to the ar-
rangement examined in Ref. 61. Although the physical
structure consists of circular annulus, a spacer at θ = 0
prevents the interaction of sound within the waveguide
between the signals entering and exiting the annulus.
This facilitates the plane progressive propagation of the
sound wave along the channel, in a similar manner to
that of the 2D acoustic antenna discussed in Section III.
A. Propagation within the acoustic antenna
From the Helmholtz equation in cylindrical coordi-
nates, the general solution for the pressure is
Pin(r, θ, z, t) = p0 cos(γnz) e
j(ωt−mθ)
× [AJm(krr) +BYm(krr)] , (16)
where Jm and Ym are the Bessel functions of the first and
second kind, respectively, and A and B are coefficients
determined by the boundary conditions. Note that the
wavenumber in the theta direction can be defined based
on the order m by
βθ =
m
rmid
=
2pim
L
, (17)
where L = 2pirmid is the circumference and rmid is the
radius at the midpoint of the waveguide. Note that due
to the lack of a periodic boundary condition at θ=0 and
θ=2pi, m is not restricted to being an integer value, and
in general will be a non-integer and complex-valued.
6The method to solve for the vertical wavenumber γn is
identical to that of the 2D acoustic antenna, and there-
fore Eqs. (3)–(5) can be used. In a similar manner to
the separation of variables in cartesian coordinates, the
wavenumbers in cylindrical coordinates are related by
k2r = k
2
0 − γ2n. (18)
Note that from this equation, it is apparent that kr in
cylindrical coordinates is equivalent to βx in cartesian
coordinates given by Eq. (2). Thus, in cylindrical co-
ordinates it is the wavenumber in the radial direction,
kr, that is equivalent to βx, and the wavenumber in the
theta direction βθ (the direction of propagation) does not
appear in Eq. (18). In cylindrical coordinates, the ra-
dial and angular motion within the waveguide is coupled,
and can be related through the radial boundary condi-
tions. Assuming rigid walls at the inner and outer radii
of the waveguide, the radial boundary condition can be
expressed as65
J ′m(krrin)Y
′
m(krrout)− Y ′m(krrin)J ′m(krrout) = 0, (19)
where the prime denotes the derivative with respect to
the argument of the Bessel function.
Equation (19) combined with Eq. (17) provides the ex-
act relationship between kr and βθ. For arbitrary waveg-
uide dimensions these equations must be solved numer-
ically, to implicitly determine the relationship between
βθ, which appears in the order of the Bessel functions
(through the mode number m), and kr which appears
in the argument. However, for most cases of practical
interest, the waveguide width will be sufficiently narrow
so as to support propagating waves in the theta direc-
tion without generating standing waves in the transverse
(radial) direction.
To determine an explicit approximate relationship be-
tween kr and m (and therefore βθ), J
′
m and Y
′
m can be
expanded in a Taylor series about r = rmid, in which case
Eq. (19) can be expressed as
J ′m(krrin)Y
′
m(krrout)− Y ′m(krrin)J ′m(krrout)
≈ ε [J ′m(krrmid)Y ′′m(krrmid)− J ′′m(krrmid)Y ′m(krrmid)] ,
(20)
where the approximation is valid for ε2  1, with ε =
krrmidδ and
δ = 1− rin
rmid
=
rout
rmid
− 1. (21)
Noting the identity
J ′m(z)Y
′′
m(z)− J ′′m(z)Y ′m(z) =
2
piz
[
1−
(m
z
)2]
, (22)
Eqs. (19) and (20) lead to the simple relationship that
βθ ≈ kr +O(ε2) ≈ βx. (23)
Therefore, to order O(ε2), βθ is equal to βx for a straight
2D acoustic antenna, and likewise the phase speed is
given by Eq. (7). This result is illustrated in Fig. 2,
which shows the negligible difference between an acous-
tic antenna with a 3D circular waveguide (solid line) and
that of a 2D linear arrangement (dashed line).
Thus, in terms of the wave propagation within the
waveguide, the wavenumber is primarily determined by
the vertical dimensions and shunt properties (via the
complex interface impedance, Zint), and radial curvature
is a secondary effect. Although analytically investigated
in this section in terms of a circular arrangement, this
also holds for other geometries as well. Even in the rel-
atively extreme case of a right-angle bend, negligible re-
flections will occur for the sufficiently low frequencies at
which only plane waves propagate68, which corresponds
to the same frequency range under investigation in this
work. As a result, this enables the use of simple but pow-
erful analytic methods to be utilized in the preliminary
design of acoustic vortex wave antennas. Note that exact
values of βθ can be obtained by numerical evaluation of
Eq. (19) using the approximate solution from Eq. (23) as
an initial guess to ensure rapid convergence.
B. Radiated field of the acoustic antenna
A key feature of the acoustic antenna is the ability to
not only control the wave propagation within the waveg-
uide, but also effectively radiate the acoustic signals to
the surrounding medium. Previous work relating to leaky
wave antennas has focused on treating them as a line ar-
ray, which assumes that the waves emanate from point
sources with appropriate phasing. More advanced anal-
ysis of line arrays can also account for the diffraction
from finite-sized elements using the so-called Product
Theorem69. While simple and robust, such an approach
is restricted to the far-field of the array, which prevents
analysis of the near-field Fresnel zone effects which have
been predicted and observed in optics and are explored
in this work.
One approach that has been extensively utilized to in-
vestigate vortex waves is the use of Laguerre-Gaussian
(LG) beams. LG beams are solutions to the parax-
ial wave equation, and have previously been applied to
acoustic vortex waves27,29. While this accounts for both
the radial and angular modes generated by the vortex
wave source, these modes are restricted to integer values.
Another limiting factor is that the formulation assumes
an infinite aperture, which is not appropriate for the ring-
shaped acoustic antennas (with overall dimensions on the
order of a wavelength or less) considered here.
Alternatively, the total pressure field radiating from
an arbitrarily shaped acoustic antenna aperture can be
formulated by summing the pressure radiating from each
shunt. Here we will consider a uniform rectangular source
of length l and width w, centered at the origin with a
rigid baffle. From the paraxial solution of the Rayleigh
integral, an explicit expression for the radiated pressure
7of the element can be obtained70
P elem(x, y, z, t) =
1
4
P0 e
jωte−j
1
2kζ[1+(z/ζ)
2]
×
{
erf
[√
j
zl
ζ
(
1+
x
l
)]
+ erf
[√
j
zl
ζ
(
1− x
l
)]}
×
{
erf
[√
j
zw
ζ
(
1+
y
w
)]
+ erf
[√
j
zw
ζ
(
1− y
w
)]}
, (24)
where P0 is the complex pressure at the face of the ele-
ment, erf is the complex error function, zl = kl
2/2 and
zw = kw
2/2 are the Rayleigh distances in the x and y
directions, respectively, and
ζ=
{√
x2 + y2 + z2 for spherical diffraction,√
x2 + z2 for cylindrical diffraction (xz-plane).
(25)
The approximation of spherical diffraction gives the most
accurate results for small sources, and is useful for 2D
acoustic arrays of rectangular elements. Alternatively,
when one dimension of the source is small and the other
is very large, such as for a 1D array, the approximation of
cylindrical diffraction is the most appropriate. This ap-
proach combines the versatility of array theory to model
arbitrarily large and complicated acoustic antennas with
accuracy in the near-field (Fresnel zone) obtained using
paraxial solutions like those for LG beams. Furthermore,
the near-field restriction in this case is based on the size of
elements, which are deeply subwavelength in scale, rather
than for the size of the entire aperture, as in the solutions
used in previous works on vortex waves.
To fully make use of this approach, the locations of
each element must be accounted for to sum the total
pressure field properly. For the qth element located in the
source plane z=0 with center (xq, yq) and rotation angle
θq, the pressure field can be obtained by a coordinate
translation and rotation to the (x¯q, y¯q) space such that
x¯q = (x− xq) cos θq + (y − yq) sin θq, (26)
y¯q = −(x− xq) sin θq + (y − yq) cos θq. (27)
Although the overall arrangement of the shunts plays
an important part of determining the total pressure field,
the most important feature connecting the radiated field
with the interior field of the acoustic antenna is the com-
plex pressure term, denoted by P0 in Eq. (24). As de-
scribed in Section IV A, the acoustic antenna waveguide
is primarily affected by the waveguide height and shunt
characteristics, with much smaller (higher order) correc-
tions due to the curvature of the waveguide. To ob-
tain nearly uniform pressure across a given shunt, the
waveguide should be designed with a sufficiently narrow
width, wwg = rout− rin (i.e. radial dimension illustrated
in Fig. 3).
In this case, according to Eq. (23) it is therefore possi-
ble to describe the wavenumber within the curved waveg-
uide using the 2D theory described in Sec. III. Thus, from
Eqs. (1) and (24)–(27) it is possible to write an explicit
approximate expression to describe the pressure radiated
from an arbitrarily shaped acoustic antenna of total path
length L with N shunts,
P tot(x, y, z, t) ≈
1
4
p0 cos(γ0hwg) e
jωte−j
1
2kζ[1+(z/ζ)
2]
N∑
q=1
e−jβx(q/N)L
×
{
erf
[√
j
zl
ζ¯q
(
1+
x¯q
l
)]
+ erf
[√
j
zl
ζ¯q
(
1− x¯q
l
)]}
×
{
erf
[√
j
zw
ζ¯q
(
1+
y¯q
w
)]
+ erf
[√
j
zw
ζ¯q
(
1− y¯q
w
)]}
,
(28)
where p0 is the source pressure in the waveguide, and
ζ¯q =
√
x¯2q + y¯
2
q + z
2, (29)
for spherical diffraction with x¯q and y¯q given by Eqs. (26)
and (27), respectively. Note that approximate expres-
sions of γ0hwg and βx valid for k0hwg  1 are given by
Eqs. (5) and (6).
The implications and potential impact of Eq. (28) are
explored in the remainder of this paper. One particularly
interesting aspect of the total pressure field is phasing
which occurs as the wave within the acoustic antenna
propagates in a closed loop, leading to the generation of
vortex waves. When the phase term βxL does not equal
an integer multiple of 2pi, a phase discontinuity will occur
where the start and end points meet. The near-field and
far-field vortex structures which occur under both integer
and fractional modes generated by the acoustic antenna
for a circular, axisymmetric shape is examined in detail
in Section IV B. An important feature regarding the use
of Eq. (28) is that it is not limited to circular shapes.
This enables the analysis of non-axisymmetric acoustic
antenna arrangements, which are demonstrated to enable
far-field superresolution features in Section V.
C. Integer and fractional topological modes
As demonstrated in Sec. IV A, one of the advantages
of the circular acoustic antenna is its topological diverse
nature, allowing one to generate a continuum of modes,
including those with either integer or non-integer (frac-
tional) values. Even though the wave propagation within
the acoustic antenna exhibits this continuum of topo-
logical modes, the radiated field of the fractional modes
leads to a non-integer multiple of 2pi, resulting in a phase
discontinuity in the pressure. While fractional modes
have been studied in optics for many years, confusion
still persists about how to properly account for these
effects43. Furthermore, some contradictory concepts of
fractional vortices have emerged throughout the years,
with theoretical results showing the total vortex strength
of fractional vortices being quantized to integer values in
8FIG. 4. (Color online) Magnitude (panels (a)–(d)) and phase (panels (e)–(l)) of the pressure field in the source plane for an
acoustic vortex wave antenna in a circular arrangement at modes m= 0.5, m= 1.0, m= 1.5, and m= 2.0. Analytical results
obtained using Eq. (28) are presented in panels (a)–(h), and FEM simulations are presented in panels (i)–(l). The x and y
spatial coordinates of the source plane are normalized by the circumference L of the acoustic antenna, and the dashed line
denotes θ=0.
the far-field12, yet extensive experimental and numerical
evidence indicating that optical fractional vortices lead
to near-field phase discontinuities39–44, including recent
work expanding this to fractional acoustic vortices28.
Due to its ability to independently vary the frequency
of operation and therefore generate a wide range of topo-
logical modes, the acoustic vortex wave antenna rep-
resents a topologically diverse aperture. This presents
an ideal means to examine the generation of both inte-
ger and non-integer topological modes. In this section,
a circular ring arrangement is used, which due to the
axial symmetry, provides conceptually analogous phase
features to previously examined optical vortices. Fig-
ure 4(a)–(h) shows the magnitude and phase of the source
plane at z=0 for a circular acoustic vortex wave antenna
based on Eq. (28) at topological modes m= 0.5, 1, 1.5,
and 2. In these plots, the vortices can be identified by the
spiral phase fronts, with a null in the pressure magnitude
at the vortex center. For the case of integer modes, the
number of “arms” of the spiral phase fronts is equal to the
mode number, and for axisymmetric arrangements, the
vortices converge along the axis of the beam for integer
values of m.
To validate the phase variations generated in the
source plane, finite element model (FEM) simulations
using COMSOL multiphysics have also been performed,
and are presented in Fig. 4(i)–(l). The FEM was con-
structed in a similar manner to previous work by the
authors61, and consisted of a circular arrangement with
the same waveguide geometry and boundary conditions
as those used to obtain the analytical results. Compar-
ing Fig. 4(e)–(h) with Fig. 4(i)–(l), it can be seen that
there is good agreement between the analytical and FEM
results. For all the topological modes (m = 0.5, 1, 1.5,
and 2), the approximate analytical results predict very
similar phase fields as those determined using FEM.
9FIG. 5. (Color online) Pressure (magnitude) obtained ana-
lytically using Eq. (28) for an acoustic vortex wave antenna
in a circular arrangement at various distances from the source
at (a)–(d) m=1.0, and (e)–(h) m=1.5. The distances along
the z direction from the source plane are normalized by the
circumference L of the acoustic antenna. The corresponding
Rayleigh distances from the source for each z/L are tabulated
in Table II, and the solid lines denote the resolution limit cal-
culated using Eq. (32).
At half-step fractional modes, like m=0.5 and m=1.5
illustrated in Fig. 4 for both the analytical results and
FEM, a distinct line discontinuity is present in the phase
plots. This discontinuity can also be seen in the magni-
tude, which appears as a large null region in the pressure
field and illustrates the formation of the next topolog-
ical mode, as observed in optical vortices12. However,
even though the discontinuity between the start and end
point of the acoustic vortex wave antenna is at θ = 0
(along the positive x-axis denoted by the dashed line in
Fig. 4), the line discontinuity in the phase of the radi-
FIG. 6. (Color online) Pressure (phase) obtained analyti-
cally using Eq. (28) for an acoustic vortex wave antenna in
a circular arrangement at various distances from the source
at (a)–(d) m=1.0, and (e)–(h) m=1.5. The distances along
the z direction from the source plane are normalized by the
circumference L of the acoustic antenna. The corresponding
Rayleigh distances from the source for each z/L are tabulated
in Table II.
ated pressure field occurs at a distinctly different angle.
Unlike the case of optical vortices formulated and gen-
erated using very large apertures such as SPPs which
prescribed the discontinuity at θ=0 in the source plane,
the acoustic vortex wave antenna generates the acoustic
waves from a small aperture. The resulting discontinuity
in the phase is rotated in the direction of propagation
within the waveguide and the resulting angle of trans-
mission from the acoustic antenna.
A more quantitative analysis of the topological modes
can be achieved by calculation of the total vortex
strength. The total vortex strength Stot can be deter-
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mined by integrating the phase around a closed non-
intersecting loop C, such that12,42
Stot =
1
2pi
∮
C
dϕ
∂
∂ϕ
argPtot, (30)
where argPtot is the argument of the the total radiated
pressure, and Ptot can be calculated using Eq. (28). Pre-
vious analysis of the optical vortex strength has demon-
strated that in the limit of a large closed loop (and thus
far from the source), the vortex strength for an aper-
ture of infinite spatial extent approaches a step function,
resulting in a topological mode rounded to the nearest
integer12. Thus, as the topological mode of the source is
increased through a half-mode, the total radiated vortex
strength far from the source jumps from one integer value
to the next.
The total vortex strength plotted in Fig. 2(b) is cal-
culated using Eq. (30) for the circular acoustic vortex
wave antenna shown in Fig. 4. From these results, it can
be seen that even with a topologically diverse acoustic
antenna generating both integer and non-integer modes,
the radiated total vortex strength is always an integer
value. Thus, even when a phase discontinuity is present
at a particular angle due to a fractional mode, the in-
tegrated total over a closed loop will still produce a net
change in phase that is an integer multiple of 2pi.
While the phase discontinuities from fractional modes
illustrated in Fig. 4 have been observed numerically and
experimentally, such results have previously been lim-
ited to near-field observations of the phase. Based on
the analysis using the total vortex strength, it is appar-
ent that the fractional vortices decay before making it
to large distances away from the source. However, there
remains a disconnect in the scientific literature on this
topic regarding the transition of the fractional vortices
from near-field to far-field, and the connection of the dis-
cretized total source strength with the observed phase
discontinuities.
An important question, particularly related to the ob-
jective of far-field superresolution examined in Sec. V, is
determining how these fractional modes decay as a func-
tion of distance from the source. Figures 5 and 6 show
z/zRayl
z/L m = 1 m = 1.5 m = 2 m = 3
0.2 2.05 1.40 1.18 0.82
0.4 4.10 2.80 2.37 1.63
0.6 6.14 4.20 3.55 2.45
0.8 8.19 5.60 4.73 3.27
1.0 10.24 7.00 5.91 4.08
2.0 20.48 14.00 11.83 8.17
TABLE II. Corresponding values of z normalized by the
Rayleigh distance for several values of z/L used in this work,
denoting the relative distance in the far-field. The values for
z/zRayl are calculated based the expression given by Eq. (31).
the magnitude and phase, respectively, for a representa-
tive integer mode (m=1) and fractional mode (m=1.5)
at different distances in the transition from the near-field
to the far-field. The distances are denoted by z/L, which
correspond to the distance along the vertical (out of the
page) z direction normalized by the total aperture length
(circumference) L, and is related to Rayleigh distance
zRayl (denoting the distance from the source to the be-
ginning of the far-field) in terms of the properties of the
acoustic antenna according to
z
zRayl
=
4pi
m
c0
cph
z
L
, (31)
where m is the mode number based on Eq. (17) and cph
and c0 are the phase speeds in the acoustic antenna and
surrounding fluid, respectively, given by Eq. (7). A tabu-
lated list comparing z/L and z/zRayl is given in Table II
for modes m=1, m=1.5, m=2, and m=3.
In Fig. 5, negligible change is observed in the shape
of the magnitude for the integer mode, except for the
scaled increase in the overall dimensions due to geometric
spreading. The overall shape is similar to that of a first
order LG beam, with a sharp null in the pressure field
at the origin of the xy-plane due to the vortex. Note
that although the overall width of the doughnut-shaped
beam is larger than the resolution limit denoted by the
solid line (the details of this are discussed in Sec. V A),
the vortex null is significantly smaller than the resolution
limit (about 8 times smaller than the resolution limit as
tabulated in Table III), and has previously been exploited
in optics to achieve superresolved microscopy8–10.
This uniform doughnut-shaped ring around the vortex
is not present for the case of non-integer modes. For
m = 1.5 as shown in Fig. 5, the peak magnitude oc-
curs at two large lobes, which surround the sharp null of
the vortex. Note that while this null is also significantly
smaller than the resolution limit, its location is shifted
away from the origin due to the formation of a second
vortex in the upper half of the xy-plane, resulting from
the fractional component of the topological mode. This
can also be observed in the phase plots of Fig. 6, with
the progressive weakening of the line discontinuity with
increasing distance from the source plane. At even the
modest change in distance from source plane (z/L = 0) to
z/L = 0.8 (where L is the circumference of the acoustic
antenna), the fractional component has diminished sig-
nificantly, and the resulting spiral phase resembles that
of a single vortex with an integer vortex strength.
The results illustrated in panels (e)–(h) of Fig. 5 and
6 highlight the rapid decay of the fractional topological
modes into the far-field. While the total vortex strength
given by Eq. (30) has previously been used to emphasize
that only the integer mode components propagate to the
far-field, the total vortex strength of a small finite source
exhibits integer values of this metric in the transition
from the near-field to far-field as well. The examination
of the detailed pressure fields using Fig. 5 and 6 (e)–
(h), however, enable a clearer picture of this change from
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FIG. 7. (Color online) Pressure (magnitude) obtained analytically using Eq. (28) for an acoustic vortex wave antenna in a
square-shaped arrangement at modes m= 1, m= 2, m= 3, and m= 4, in (a)–(d) the source plane, and (e)–(h) at z/L= 0.5.
The spatial coordinates x, y and z are normalized by the total length L of the acoustic antenna, and the solid lines denote the
resolution limit calculated using Eq. (32).
fractional to integer modes. As observed in Fig. 5 and
6 (a)–(d), the integer mode vortex remains stable and
constant (excluding geometric spreading effects) in both
the magnitude and phase of the pressure field throughout
the transition from near-field to far-field. In addition to
their robustness, these integer modes also demonstrate
vortex nulls that are much smaller (more than a factor
of 8 times smaller for m= 1) than the resolution limit,
and therefore offer the possibility of creating far-field sub-
resolution limit features.
V. SHAPED ACOUSTIC VORTICES AND
SUPERRESOLUTION
In Sec. IV C, localized nulls in the pressure field gen-
erated by circular acoustic vortex wave antennas were
observed and examined, and shown to be smaller than
the resolution limit. While these localized nulls have
been used in optics as a means to obtain superresolu-
tion, the sub-resolution limit null is surrounded by a large
doughnut-shaped peak, which is larger than the resolu-
tion limit. As a result, such an approach is limited to
creating single sub-resolution points, yet does not enable
generating more complex sub-resolution structures use-
ful for communications or particle manipulation applica-
tions. While recent work has begun to examine the abil-
ity to manipulate the acoustic pressure field from circular
arrays using fractional mode shaped acoustic vortices28,
the rapid decay of fractional mode components discussed
in Sec. IV C limit such an approach to near-field applica-
tions.
Alternatively, shaped acoustic vortices can be gener-
ated using a non-axisymmetric source, which has pre-
viously been examined in optics using the spatial dis-
tribution of topological charge or diffractive optical
elements21–24. Unlike these optical means, which are lim-
ited to operation at single topological modes, the acous-
tic antenna described in this work enables a topolog-
ically diverse method of generating the vortex waves.
Furthermore, the theoretical formulations developed in
Sec. IV enable the design of arbitrarily shaped acoustic
antenna arrangements, facilitating a geometrically ver-
satile means to shape the acoustic vortices. In this sec-
tion, the use of shaped acoustic vortices using an acoustic
vortex wave antenna is explored as a means for generat-
ing superresolved features and shapes. This analysis be-
gins with quantifying the metric of the resolution limit,
which is examined in Sec. V A. In Sec. V B, the genera-
tion of shaped acoustic vortices is discussed, followed by
a demonstration of superresolution from a square-shaped
and triangular-shaped ring.
A. Resolution limit
The resolution limit for an acoustic source can be ob-
tained from the beam width of the radiated pressure field.
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FIG. 8. (Color online) Pressure (magnitude) obtained an-
alytically using Eq. (28) for a square-shaped arrangement at
the mode m=3 at various distances from the source for (a)–
(c) an acoustic vortex wave antenna, and (d)–(f) a uniform
acoustic array. The distances along the z direction from the
source plane are normalized by the circumference L of the
acoustic antenna. The corresponding Rayleigh distances from
the source for each z/L are tabulated in Table II, and the solid
lines denote the resolution limit calculated using Eq. (32).
Due to diffraction, a discrete finite source will not pro-
duce a perfectly collimated beam, but rather exhibits a
roll-off from the on-axis peak value down to some local
off-axis minimum. Different criteria have been used over
the years to denote the width of the beam, and in this
work we will use the 3 dB point (half power, or where
the amplitude is 0.707 the peak value) to define the edge
of the beam, and therefore denotes the resolution limit of
the source. The 3 dB resolution, dr, at a distance z from
the source can be obtained theoretically for an acoustic
aperture of effective radius reff , which can be expressed
as71
dr = 0.51
λ0z
reff
= 1.02pi
z
k0reff
, (32)
where λ0 and k0 are the wavelength and wavenumber in
the surrounding fluid, respectively.
The resolution limit given by Eq. (32) applies to
both unfocused (circular) and focused (spherical) acous-
tic sources. Although the resolution limit is the same for
focused and unfocused sources in this case, the use of a
focused acoustic source allows for a significant increase in
FIG. 9. (Color online) Pressure (phase) obtained analytically
using Eq. (28) for a square-shaped arrangement at the mode
m = 3 at various distances from the source for (a)–(c) an
acoustic vortex wave antenna, and (d)–(f) a uniform acoustic
array. The distances along the z direction from the source
plane are normalized by the circumference L of the acoustic
antenna, with the corresponding Rayleigh distances from the
source for each z/L are tabulated in Table II.
the amplitude in the focal region. From Eq. (32) it can
be seen that the resolution can be made smaller than the
diameter of the source at distances z . 0.8 zRayl, where
zRayl =kr
2
eff/2 is the Rayleigh distance denoting the start
of the far-field. However, this reduction in resolution
compared to the diameter is limited to the near-field,
and in the far-field geometric spreading will lead to an
increase in dr with increasing distance from the source.
B. Shaped acoustic vortices
In addition to the circular, axisymmetric arrangements
explored in Sec. IV, acoustic vortex wave antennas can
be constructed into arbitrary shapes, enabling the cre-
ation of shaped acoustic vortices. Vortices created using
circular or axisymmetric sources converge along the cen-
tral axis for integer topological modes, as discussed in
Sec. IV C and illustrated in Fig. 5. However, shaped op-
tical vortices have been shown to exhibit vortex splitting
for non-axisymmetric arrangements at higher topologi-
cal modes21. Such a feature has not previously been ex-
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FIG. 10. (Color online) Pressure (magnitude) obtained analytically using Eq. (28) for an acoustic vortex wave antenna in a
triangular-shaped arrangement at modes m=1, m=2, m=3, and m=4, in (a)–(d) the source plane, and (e)–(h) at z/L=0.5.
The spatial coordinates x, y and z are normalized by the total length L of the acoustic antenna, and the solid lines denote the
resolution limit calculated using Eq. (32).
ploited for acoustic waves, and the use of the acoustic
vortex wave antenna enables multiple topological modes
to be investigated using a single aperture.
In general, the design and numerical evaluation of such
acoustic pressure fields would be computationally quite
time consuming. For each iterative design, the 3D acous-
tic pressure field would need to calculated over a wide
range of frequencies to determine the modal frequencies
of interest. For the case of a topologically diverse aper-
ture such as the acoustic vortex wave antenna, the nu-
merical meshing of the source would need to be suffi-
ciently small to capture the detail of each radiating ele-
ment. At the same time, the range of geometric parame-
Aperture Mode Shape Resolution
Circular ring 1 point 0.12 dr
Square ring 1 point 0.11 dr
Square ring 3 “X” 0.23 dr
Triangular ring 1 point 0.12 dr
Triangular ring 2 “Y” 0.19 dr
TABLE III. Resolution, mode number and resulting far-field
pressure shape for the different acoustic antenna arrange-
ments examined in this work. The resolution is determined
using a 3-dB criteria from the pressure magnitudes illustrated
in Fig. 5, 7, 8, 10, and 11, and is written as a function of the
resolution limit, dr, for a traditional source given by Eq. (32).
ters that govern the dispersive wave propagation within
the acoustic antenna, including those listed in Table I,
would each need to be varied and optimized to achieve
a desired performance. While technically possible, such
a numerical approach would prove impractical to explore
the design space of complex arrangements. Alternatively,
the theoretical formulation developed in Sec. IV enables
one to determine the wavenumber within the acoustic an-
tenna, and from this determine the corresponding mag-
nitude and phase at each radiating shunt. For a given
arbitrary arrangement of the acoustic antenna, the to-
tal radiated pressure (valid in the near-field and far-field
of the aperture) can then be explicitly calculated from
Eq. (28), as was done for the circular arrangement exam-
ined in Sec. IV C.
Throughout the remainder of this section, two repre-
sentative cases will be examined to demonstrate the ef-
fectiveness of this approach and capabilities for achieving
far-field superresolution using shaped acoustic vortices:
(1) a square-shaped ring and (2) a triangular-shaped ring.
The square- and triangular-shaped rings both have a to-
tal waveguide length of L and have the same geomet-
ric properties given in Table I. In both cases, use of the
acoustic vortex wave antenna enables multiple topologi-
cal modes to be examined using a single aperture design.
Based on the results of Sec. IV C, the current analysis will
focus on integer modes, since they are the only topolog-
ical components that contribute to the far-field vortices.
Figure 7 shows the pressure magnitude for a square-
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FIG. 11. (Color online) Pressure (magnitude) obtained an-
alytically using Eq. (28) for a triangular-shaped arrangement
at the mode m= 2 at various distances from the source for
(a)–(c) an acoustic vortex wave antenna, and (d)–(f) a uni-
form acoustic array. The distances along the z direction from
the source plane are normalized by the circumference L of the
acoustic antenna. The corresponding Rayleigh distances from
the source for each z/L are tabulated in Table II, and the solid
lines denote the resolution limit calculated using Eq. (32).
shaped acoustic vortex wave antenna at the first four
topological modes. The magnitude of the radiated pres-
sure field is shown at the source plane (z/L= 0) in (a)–
(d), and at z/L=0.5 in (e)–(h), with the solid line denot-
ing the 3-dB resolution limit given by Eq. (32). One of
the most noticeable characteristics of the radiated pres-
sure fields illustrated is the distinct difference from the
square-shaped ring of the aperture, visible in yellow in
(a)–(d), compared with the more complicated vortex pat-
terns that are radiated in (e)–(h). However, the origins
of these complex pressure fields can be seen in the nulls
of the source plane created within the boundary formed
by the square-shaped ring, and the overall beam pattern
extending out beyond the ring.
In Fig. 7(e)–(h), the effects of vortex splitting at higher
topological modes can also be observed. Whereas the
single vortex at m= 1 remains centered along the beam
axis with the peak pressure forming a uniform doughnut-
shaped ring (similar to the circular acoustic vortex wave
antenna results from Fig. 5), vortices for progressively
higher topological modes form increasingly complex off-
axis vortex arrangements. In particular, it can be ob-
FIG. 12. (Color online) Pressure (phase) obtained analyt-
ically using Eq. (28) for a triangular-shaped arrangement at
the mode m=2 at various distances from the source for (a)–
(c) an acoustic vortex wave antenna, and (d)–(f) a uniform
acoustic array. The distances along the z direction from the
source plane are normalized by the circumference L of the
acoustic antenna, with the corresponding Rayleigh distances
from the source for each z/L are tabulated in Table II.
served that at m= 3, the resulting vortex arrangement
forms an “X” shape, which contains sub-resolution de-
tail. The resolution for the square-shaped ring based the
size of these features are tabulated in Table III, and give
a resolution that is 4-9 times smaller than the resolution
limit. A similar effect can be observed at m = 4, and
although the center-to-center distances between the vor-
tices extends beyond the resolution limit, the finer detail
in the pressure field is smaller than that of the resolution
limit denoted by the solid line.
To further explore the far-field acoustic pressure, the
magnitude and phase of the m = 3 mode are presented
in Fig. 8 and 9, respectively, in panels (a)–(c). To illus-
trate the enhanced resolution achieved using the acoustic
vortex waves, results for an equivalent uniform array (us-
ing the same square-shaped ring but without the spiral
phase created by the acoustic vortex wave antenna) is
shown in panels (d)–(f). The stability of the superre-
solved “X” shape can be seen from the results shown in
Fig. 7(g) through well into the far-field in Fig. 8(a)–(c),
which remains the same except for the overall scaling
due to geometric spreading. By comparison, the uniform
array illustrated in Fig. 8(d)–(f) achieves a similar resolu-
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tion as that predicted by Eq. (32), and the square-shaped
features of the ring (present in the source plane) are lost
as the beam propagates through the far-field. Similar re-
sults can be observed in the plots of the phase, shown in
Fig. 9. In particular, the near-axis phase information re-
tains a detailed, sub-resolution limit structure, whereas
the uniform array decays from the square-shaped ring
into a circular shape, losing the identifiable detailed in-
formation of the particular shape of the source.
Similar results can be also observed for shaped acoustic
vortices generated from a triangular-shaped ring. Fig-
ure 10 shows the pressure magnitude for a triangular-
shaped acoustic vortex wave antenna at the first four
topological modes, at the source plane (z/L=0) in pan-
els (a)–(d), and at z/L=0.5 in panels (e)–(h). As in the
previous case of the square-shaped ring, the solid line
denoting the 3-dB resolution limit is given by Eq. (32),
and the radiated pressure fields in panels (e)–(h) create
complicated sub-resolution limit vortex patterns which
are 5-8 times smaller than the resolution limit, as sum-
marized in Table III. While these radiated pressure fields
are distinctly different from the triangular-shaped ring
of the aperture, visible in yellow in (a)–(d), similarities
can be found in the nulls of the source plane within the
boundary formed by the triangle, and the overall beam
pattern extending out beyond the ring.
In Fig. 10(e)–(h), the effects of vortex splitting at
higher topological modes can also be observed. In a sim-
ilar manner to the circular and square-shaped acoustic
vortex wave antenna results, the single vortex at m= 1
remains centered along the beam axis. For progressively
higher topological modes, increasingly complex off-axis
vortex arrangements can be observed in Fig. 10(e)–(h).
In particular, it can be observed that at m= 2, the re-
sulting vortex arrangement forms a “Y” shape, which
contains sub-resolution detail. A similar effect can be
observed at m= 3 and m= 4, with finer sub-resolution
limit detail in the pressure field occurring within the cen-
tral triangular region between the vortices.
To further explore the far-field acoustic pressure for
the triangular-shaped ring, the magnitude and phase of
the m=2 mode are presented in Fig. 11 and 12, respec-
tively, in panels (a)–(c). To illustrate the enhanced res-
olution achieved using the acoustic vortex waves, results
for an equivalent uniform array are shown in panels (d)–
(f). The uniform array in this case consists of the same
triangular-shaped ring, but without the spiral phase cre-
ated by the acoustic vortex wave antenna. The stability
of the superresolved “Y” shape can be seen from both the
results shown in Fig. 10(f) and in Fig. 11(a)–(c), which
remains the same except for the overall scaling due to
geometric spreading. By comparison, the uniform array
illustrated in Fig. 11(d)–(f) achieves a similar resolution
as that predicted by Eq. (32), and the triangular-shaped
features of the ring (present in the source plane) are lost
as the beam propagates through the far-field, appearing
indistinguishable from a circular aperture.
Similar results can be observed in Fig. 12 for the phase
of the pressure field, for which vortex nodes connected by
line discontinuities form a “Y” pattern near the axis. In
particular, the near-axis phase information retains a de-
tailed yet stable sub-resolution limit “Y” shape well into
the far-field, whereas the uniform array decays from the
triangular-shaped ring into a circular shape, losing the
identifiable detailed information of the particular shape
of the source.
VI. CONCLUSIONS
In conclusion, an acoustic vortex wave antenna can
provide a method for creating shaped acoustic vor-
tices that are stable well into the far-field and enable
subdiffraction-limited features without the need for a
near-field lens. In this work, a detailed development of
the acoustic antenna was presented based on an acoustic
leaky-wave antenna. A key feature of the acoustic an-
tenna is the ability to not only control the wave propaga-
tion within the waveguide, but also effectively radiate the
acoustic signals to the surrounding medium. Due to its
topological diversity, the acoustic vortex wave antenna is
shown to be an ideal means to examine the generation of
integer and non-integer topological modes. Through the
use of an acoustic vortex wave antenna and the formula-
tions developed in this work, the decay of fractional topo-
logical modes were examined, showing how they change
from fractional to integer modes in the far-field. It was
also shown that these integer modes create acoustic vor-
tices that are much smaller than the resolution limit and
produce far-field sub-resolution limit features and shapes.
An important aspect of the theoretical formulation de-
veloped here is that it is not limited to axisymmetric
shapes, and the results of this work were demonstrated
for both circular and arbitrarily-shaped acoustic vortex
wave antennas. In both arrangements, it was shown that
far-field superresolution could be achieved, and that in
particular a non-axisymmetric aperture enabled the cre-
ation of complex superresolved off-axis pressure fields due
to vortex splitting at higher topological modes, which is
useful for communications or particle manipulation appli-
cations. Superresolution using shaped acoustic vortices
was demonstrated for the two representative cases of a
square- and triangular-shaped ring. In both cases, super-
resolved features were demonstrated, with feature sizes
4-9 times smaller than the resolution limit, enabling the
creation of shapes including the letter “X” and “Y” (for
the square- and triangular-shaped rings, respectively),
which were stable well into the far-field. These results
were compared with a uniform array, which had the same
arrangement of radiating elements but did not generate
acoustic vortex waves, and it was shown that these tradi-
tional arrays where unable to maintain the relevant detail
from the source plane to create sharp features and sub-
resolution limit detail.
The results presented here demonstrate how far-field
superresolution from an acoustically small source can be
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achieved through the use of an acoustic vortex wave an-
tenna. This enables the ability to extend beyond the
traditional diffraction-limits on the generation and trans-
mission of acoustic waves, leading to higher precision and
control of the far-field pressure. The improved precision
and control of the acoustic pressure using shaped acoustic
vortices offers the potential for wide applicability, includ-
ing acoustic communication and particle manipulation.
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